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Optimization Under Uncertainty in Energy Systems

e Real world decision problems in energy systems: dynamic and affected by

uncertainty
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Modeling Frameworks

Stochastic Optimization

Deterministic Optimization
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Multi Horizon Stochastic Optimization

Uncertainty types

e Strategic examples

e Investment cost
e Carbon price
e Fuel price development

e Operational examples

o Load levels
e Hydro reservoir inflow

Time

(Q© strategic Decisions

(O Operational Decisions
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Multi-horizon Problems

e Multi-horizon optimization forms a class of extremely challenging
problems

Approximation techniques:
Lower and upper bounds to the optimal value for multi-horizon
optimization
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The Goal

Questions

1. How to bound multi-horizon SO via expectation-based approaches?
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Generation and Transmission
Expansion Planning
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Selected Literature Review for Multi-horizon Optimization

Methods

Hellemo et al. (2012) and Kaut et al. (2014) first introduced multi-horizon optimization models;

Werner et al. (2013) investigate the time consistency property in multi-horizon scenario trees;

Vojvodic et al. (2023) and Jacobson et al. (2023) propose Benders-type algorithms to achieve
near-optimal solutions;

Zhang et al. (2024) integrate Benders and Lagrangean decomposition methods to solve

multi-horizon LP problems;

Rigaut et al. (2024) propose a time-block decomposition scheme using recursive Bellman-like
equations.

Applications

o Capacity expansion planning of power systems (Seljom and Tomasgard (2015), Skar et al. (2016),
Escudero and Monge (2018));

o Analysis of multi-fuel energy markets (Su et al. 2015);

e Operational planning of pumped hydro power plants (Abgottspon and Andersson (2016));

o Assessment of policy actions in energy markets (Seljom and Tomasgard (2017)).
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Multi Horizon Stochastic Program

MHSP

MHSP = mmZ D malenmat Y m > @ TYeT)
t=0 neNy weNy TET:
s.t. Azy, = hn, n € No,

Tna(ny + WnTn = hn,
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Maggioni, Allevi, Tomasgard (2020) Bounds in multi-horizon stochastic programs
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Question 1
How to bound multi-horizon SO via expectation-based approaches?
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Multi-Horizon Operative Expected Value problem

MHOEV < MHSP

MHOEV = mmz Z Tn(Cnn + Z anyn)
Y =0 neN, TET:
s.t. Axy = hp, n € No,

TnZa(n) + WnEn = hn, n €N, t € H\{0},
T’IIL/I‘VL + V_Viy'rll = 7’“}” ne M7 teH
Triyn '+ Wayn=hi, neN;, teH, 7€ T\{1}.
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Multi-Horizon Strategic Expected Value problem

MHSEV < MHSP

H
MHSEV = min (c}zwr R q?’%“)
i t=0 wENy TETL
s.t. Axo = ho,

Towi1 + Wiz = he, t € H\ {0},
Ty e+ Wty = b, w e Uy, tEH,
Ty T A WETYT = YT, T € T\ {1}, w € i, tEH.
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Multi-Horizon Expected Value

MHEV < MHSP

MHEV = man(Ctu +> @)
TET:

s.t. Azo = ho,
Ty + Wiay = hy, t € H\ {0},
Tloe+ Wiyt =hi,  teH,
Tryi 4+ Wiyl =Ry, TeT\{l}, teH
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Question 2
How to bound multi-horizon SO via relazation of non-anticipativities
constraints?
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Multi-Horizon Strategic Wait-and-See Program

MHSWS

MHSWS = Z Z 71- mln(c,rf + Z Tt Z 4y vs))

t=0se> weQ, 1T
s.t. Az = ho,

Trai | + Wiah = ki, se .7, t € H\{0},
Tt + Weitye = hd)t, s€ES weEQ, teH,
Py + ”’szt’:h;“;[, ses, we, TeT\{1}, teH,

W',

Ysi = ysy;"T7 V', w” € Q for which w’ = w"up to operational stage 7.
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Multi-Horizon Strategic Wait-and-See Program
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Multi-Horizon Wait-and-See Program

MHWS
H
MHWS = Z Z ° r)r(lin(cfw,s + Z ey aeTysT)
t=0 s€.& Y WEN, TETE
s.t. Azo = ho,
TPz 1 + Wizi = hi, s€.¥, t € H\ {0},
Tedtas + Welyly = hey se€.S we, teH,
Ty T WY = R ses, we, TeT\{l1}, teH.
Proposition

MHWS < MHSWS < MHSP.

If the objective function coefficients and recourse matrix are fixed then:

MHEV < MHW S
MHEV < MHOEYV.
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Multi-Horizon Cluster Program with break stage H*

MHC(H*)

MHC(H") s=min 3~ S~ n*(cfaf + 3 7l 3 auiy)

teH seS wEN TETE
s.t. Azo = ho,
Tixi  +Wiai =hi, s€ S, teH\ {0},
Tl + Wty = b)), s€S, we, teH,

S,

Ty Wy = ke, s€S, we, TET\{1},tEH,

’

Ti = wT:”, vs',s" € S, for which s’ = s”up to strategic stage t, t > H*,

YT =y, T, YW W € Q, for which ' = w”up to operational stage 7.
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Multi-Horizon Cluster Program with break stage H*
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MHC(H') =min Y~ > n®(ctal + Y 780 > a57i7)
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Question 3
How to bound multi-horizon SO via scenario grouping?
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Lower Bounds for Multi-Horizon Stochastic Optimization

Assumption: the random process has finitely many possible realizations.

Multi-Horizon SO Problem
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Lower Bounds for Multi-Horizon Stochastic Optimization

Assumption: the random process has finitely many possible realizations.

Multi-Horizon SO Problem

The starting problem is split into n subproblems, independently solved.
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Subproblem 2

Subproblem n
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Multi-Horizon SO Problem

The starting problem is split into n subproblems, independently solved.
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I I
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Subproblem 1

Subproblem 2

Subproblem n

Optimal values of the subproblems are combined to obtain a:
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Dissection of the Strategic Probability Measure

Multi-horizon SO Problem
strategic uncertainty: (Z, II)

operational uncertainty at strategic node n: (Q,, P,)

Z 4 Y N
Subproblem 1 Subproblem 2 Subproblem m,
=(¢ € —(¢ ¢ .t ‘
(Eom) || @) | (2.1

Refinement Chain

= 1T
—_ = 2 2
(B, E0) (7, )
—1 o rrTme AR 2 UNIVERSITA
q a _ a _ b
wi},- oo, {wn}) (17 = buns o Iy = y)
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Dissection of the Strategic Probability Measure

Multi-horizon SO Problem
strategic uncertainty: (Z, II)
operational uncertainty at strategic node n: (2, P,)

% I \ N
Subproblem 1 Subproblem 2 Subproblem m,
—(t ¢ —(t ¢ —(t ¢
Support:
(i) EZ(-[) = U:<271)g5(‘e)E§fil)

@) Mg ”(l) Ey for each strategic level ¢ (f = 0 disjoint subsets).

Probabilities:

(i) I =" (;5([)1_[(4), with >4 gi)(l) 1, ¢E£) >0,79=1,...,my
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Dissection of the Strategic Probability Measure

Muilti-horizon SO Problem
strategic uncertainty: (Z, II)
operational uncertainty at strategic node n: (Q,, P,)
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Dissection of the Strategic Probability Measure

Muilti-horizon SO Problem
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Dissection of the Operational Probability Measure

Multi-horizon SO Problem
strategic uncertainty: (Z, II)
operational uncertainty at strategic node n: (2, P,)

% I \ N
Subproblem 1 Subproblem 2 Subproblem m,
(@2.P2) || (22.P2) oo || (el E)
Supports:
(i) QS{; =Ugo-Dcqm ngjjil)
n,J = 7n,J

(ii) 0?195?3 = Qy for each operational level v (f = 0 disjoint subsets).

Probabilities:

(i) Po= 3270 $3P0), with 3720 67 = 1, 610 > 0

(iv) each P,(:j) can be written as a convex combination of {ng_l)} P oemoasn
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Dissection of the Operational Probability Measure
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Dissection of Strategic/Operational Probability Measures

Definition (Multi-Horizon Nodal Group / Multi-Horizon Expected Group)

my

MHNG(4, ) 1= Z ¢(2)( > > Z qs('y)n(é) (enén + 3 P}J}J > @ "y“’“))

i=1 LSOV S ‘”6955]) reTs
&g 7

MHEG((, ~) i= Z ¢ Z 4)(7) mucEY Q(“” ;) Iwith ¢gé)j = II 51‘*;]
i=1 j=1 ’ neENy teH
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Dissection of Strategic/Operational Probability Measures

Definition (Multi-Horizon Nodal Group / Multi-Horizon Expected Group)

my

MENGEm = 3 oD (T % z«b‘”;niél(«nw > R T awTem)

i=1 teH n€=([>ﬁ/\/' Ji= wegsfjw) TETE
&g 7

MHEG((, ~) i= Z ¢ Z 4)(7) mucEY Q(“” ;) Iwith ¢gé)] = II 51‘*;]
=1 j=1 neN, teH

Proposition

For a fixed operational level ~

() MHNG(1,v) < MHNG(2,7) <...< MHNG(,v) <...< MHSP
(b) MHEG(1,v) < MHEG(2,v) <...< MHEG(,v) <...< MHSP
For a fixed strategic level £:

(b)) MHNG(¢,1) < MHNG(,2) <...< MHNG({,v) <...< MHSP
(d) MHEG(¢,1) < MHEG(¢,2) < ... < MHEG(¢,v) <...< MHSP
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Examples of nodal strategic and operational chains M HNG(/,~)
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Examples of expectation-based operational groups M HEG({, )
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Question 4
How to provide feasible soluzions to multi-horizon SO problems?
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Upper Bounds

Proposition

The following chains of inequalities hold true:
e MHSP< MHEES, < MHEES> < ...< MHEESH_1;
e MHSP < MHEESO] < MHEESO3; <...< MHEESOY_,,7 € Tz;
e MHEES; < MHEESO{, T €T, t € H\{H}.

MHESS:
MHEESO1
MHESS: ©
Ol
[0} 0]
o} Q
MHESSs 00 00
L)
(0] 0]
O] Q
00 00 0]
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A rolling horizon approach to compute upper bounds

Algorithm 1: Algorithm to compute a feasible solution to the MHSP

1: Input: &, 68, ¢, )
2 forn=1to[H|—é+1ldo Input Parameters
3. forr €N, do
4 Construct set S i={n € S : h(n) < r + &} e ¢: Number of
5: for € =k +& to min(k + & + " — 1, |H|) do non—relaxed stages
6: Construct set, N'f, by randomly selecting with probability ¢, strate-
gic nodes n’ € S”NN,, with a(n’) € ST UNZ_, o éRZ Number of
noendfor relaxed stages
6 o ymmee o g
9: Define set N i=rUS US ° ¢e: Selection
1. Solve the rsubmodel, defined as a replica of the MASP model re- probability (in
stricted to set N
11: Fix variables z, and y7, w € Q,.,7 € T;, to the solution of the r- relaxed Stages)
submodel
12: if K =|H|—é+1 then
13: Fix variables z,, and %", w € Q,,7 € T; to the solution of the
r-submodel for any n € 5~
14: end if
15:  end for
16: end for
17 Qutput: A feasible solution (Zn, ¥ Jwen.,reTineN: teH-
UNIVERSITA
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A rolling horizon approach to compute upper bounds

Input Parameters
e ¢ = 2: Number of non—relaxed stages
e ¢ =1: Number of relaxed stages

* P = %: Selection probability (in relaxed stages)
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A rolling horizon approach to compute upper bounds

Input Parameters
e ¢ = 2: Number of non—relaxed stages
éR

° = 1: Number of relaxed stages
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S

Sod S
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Case study 1: Generation and Transmission Expansion Planning

e The problem consists in planning investments in generation, transmission
and storage facilities, in order to supply at minimum cost the electricity
demand, while achieving some decarbonization targets.

e Decision variables:

1. strategic: The new capacity for generation, transmission and storage
facilities in the long-term;
2. operational: How to operate the power system to supply the electricity
demand in every hour of representative days.
e Uncertain parameters:

1. Strategic: investment costs and fuel prices;
2. Operational: solar radiation, wind speed and natural inflows.
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Problem Formulation

e The decision maker (e.g., the Independent System Operator, the Authority,
or the regulator) seeks at the minimization of total system costs:

Objective Function

H N ~
min e C, ; Ch.k Un.k Chnp U,
T G De tg() nezj\/'t n (Zle[, gl fn,l + Zke’c n,k Un,k + ZbEB n,b Un,b +

~ w,T ~ w,T
+ND: 3> w0 3 (Zke/c Cnyk Pk + 2peB Ctb wn,b,f)
weN: TET:

e Constraints of the problem are divided into 3 groups:
1. Investment constraints;
2. Operational constraints;
3. Policy constraints.
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1. Investment constraints

Investment constraints control the strategic investment decisions by:

e Defining the total capacity as the sum of the existing and the new
capacity;

e Setting upper bounds to the installed capacity at the horizon.

Investment Model

Foi=E+ foy, leL,

Fry=Famyu+ fai, €L, ne N\{0},
Foi<F, l€L, n€ENgu,

o,k = Ve + vk, keK,

Vak = Vo), +onk, k€K, neN\{0},
Vo <Vi, k€K, n€Nu,

Uop = Uy + upp, bEDB,

Unp = Ua(nyp + tUnp, b€B, neN\{0},
Uop <Uy, beB, neNg.
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2. Operational constraints

Operational constraints control the hourly operations in representative days:

e Ensuring the load supply;
e Imposing upper bounds to the operational decision variables;

e Imposing energy balances and minimum energy levels for storage facilities.

Operational Model
ST+ > w4 Y AT =Dl > wii + > d,
keK, beB, leBS. beEB, leFS,
2€Z, neEN, TET:, we W, teH,
dpl SFagy, LELNEN, TET, we, tEH,
PnkSRnk"'M kek,neNy, T€Ti, we€Q, tEH,
w;; < EyU,p, beEB neEN, TET, we s, t€H,
e SUnp, bEB, neEN, TET, we, tEH,
anL,,,,, beB, neN, T€Te, w€Qy, tEH,
= T A = N+ IS bEBnEN, TET, wE Qnt EH,

iy =W,y
UNIVERSITA

wt >y, bEB, wE D, nEN;, LEH.

w
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3. Policy constraints

Policy constraints promote the transition to decarbonized power systems by:

e Imposing maximum daily CO2 emissions;

e Ensuring a minimum share of the total generation capacity that must be
allocated to non-programmable renewable power plants.

Policy objectives

z ZMkijggﬂt, neMN, teH, we Qy,

keK TET:
Z Vi 2 @t Z Vik, MEMN, teH.
kEKRES kek
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Case study: the Italian Power System

4 zones: North, South, Sicily, and
Sardinia, connected by 4
transmission lines;

e 4 generation technologies:

/
/ CCGT, GT, photovoltaic and wind
power;
/ A
| e 3 storage technologies:
;’ pumped-hydro storage, lithium-ion
] . . . .
f batteries and sodium-ion batteries;
e 3 target years: 2025, 2030, 2040.
Small Instance Large Instance
Strategic Stages 2 5
Strategic Nodes 3 31
Strategic Scenarios 2 16
Operational Scenarios per Strategic Node 64 64
Number of constraints 426,299 9,637,779
Number of variables 350,449 7,284,977 ‘ BeL Saum
CPU time (s) 4,635 o o1 BERGAO
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Numerical Results: Lower bounds via expectations and upper bounds

Lower Bounds | Small Instance Large Instance
i Percent-age Gap -27.34% -11.99%

CPU Time(s) | 2 5

Percentage Gap -24.49% -10.93%
MHOEV

CPU Time (s) 3 9

Percentage Gap -17.66% -7.81%
MHSEV

CPU time (s) 204 1121
Large Instance Upper Bound (bln €) | CPU time (s)
Fixing Approach
MHESS> 307.05 3211
MHESS: 208.59 4541
Rolling Horizon Approach 286.93 15153
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Numerical Results: Small Instance (disjoint groups)

Percentage Gap CPU Time (s)
Level of strategic chain ¢ Level of strategic chain ¢
MHEG(L, v) 2 1 2 1
(1 group) (2 groups) (1 group) (2 groups)
7 (1 group) 0.00% 2.01% 4635 407
6 (8 groups) -0.06% -2.07% 1944 1512
Level of 5 (64 groups) -0.15% -2.15% 1784 1124
operational 4 (512 groups) -0.40% -2.42% 2705 1905
chain 3 (4096 groups) -1.21% -3.15% 6581 6488
2 (32768 groups) - - - -
1 (262144 groups) - - - -
Percentage Gap CPU Time (s)
Level of strategic chain ¢ Level of strategic chain ¢
MHNG(Z, ~) 2 1 2 1
(1 group) (2 groups) (1 group) (2 groups)
7 (1 group) 0.00% -2.01% 4635 407
6 (2 groups) -0.09% -2.09% 518 403
Level of 5 (4 groups) -0.16% -2.18% 346 218
operational 4 (8 groups) -0.63% -2.58% 201 112
chain 8 (16 groups) -1.85% -3.88% 71 70
2 (32 groups) -3.83% -5.82% 62 64
1 (64 groups) -6.10% -8.14% 52 :
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Numerical Results: Large Instance (disjoint groups)

Best upper bound: 286.93

Lower Bounds CPU Time

5000
280
4000
2 0
L
o
! - 1
1 5 2
2 4 3 !
3 5 3
> 4 5y 4 [
s 2 H 2
6 1 6 1
Percentage Gap CPU Time (s)
Level of strategic chain ¢ Level of strategic chain ¢
MHNG((,7) 5 4 3 2 1 5 4 3 2 1
(1 group) (2 groups) (4 groups) (8 groups) (16 groups) | (1 group) (2 groups) (4 groups) (8 groups) (16 groups)
7 (1 group) - -3.24% -5.03% -6.44% 6.71% - 7629 6073 6113 6495
6 (2 groups) -0.34% -3.63% -5.30% -6.71% -7.10% 5587 4128 2065 3742 3568
Level of 5 (4 groups) -0.84% -4.10% -5.79% 7.23% -7.53% 3953 826 651 1024 1782
operational 4 (8 groups) -1.80% -4.94% -6.64% -8.14% -8.46% 1858 706 463 762 1278
chaink) 3 (16 groups) -2.96% -5.73% -7.49% -9.09% -9.47% 853 544 423 629 1108, yniversiTA
2 (32 groups) -3.78% -6.32% -8.24%  -10.01% -10.48% 685 704 373 719 ﬂohz‘ eoLlisTUn
1 (64 groups) -5.35% 7.79% 9.94%  -11.95% -12.60% 528 524 462 847 Y3395
Gra;
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Case study 2: Domestic Renewable Energy System Design

e The problem consists in planning investments in PV panels and batteries
to supply electricity to a residential building complex.
e Decision variables:
1. strategic: The capacity of PV panels and batteries in the long-term;

2. operational: Scheduling of generation, storage, and electricity exchanegs

with the grid to supply an elastic demand for electricity in every hour of
representative days.

e Uncertain parameters:

1. Strategic: investment and maintenance costs;
2. Operational: solar radiation, electricity prices, and electricity demand.
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Experimental Setup: real data from a German building complex

e Location: Southern Germany

e PV Options: 3 types A‘_—\_

e BESS Options: 2 types 4

e Data Sources: ENTSOE, CoSSMic [ ]

Small Medium Large

Strategic stages 3 4 6
Strategic nodes 13 40 364
Strategic scenarios 9 27 243
Operational scenarios per node 10 20 20
Number of constraints 158,565 1,402,311 21,606,345
Number of continuous variables 46,970 384,921 6,116,293
Number of binary variables 47,060 433,200 5,252,540
Objective function value (€) 5,746,672 13,627,470 -
CPU time (s) 35 1,016
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Numerical Results

Lower Bounds (Large Instance)

Model Lower Bound (€) Time (s)
MHEV 20,218,777 46
MHOEV 24,981,335 192
MHC(5) 60,499,195 983
MHC(4) 60,562,808 721
MHC(3) 60,563,201 705
MHC(2) 60,565,811 841

Graz, 27-28 Nov. 2025

Upper Bounds (all instances)

Instance é el be GAP Time (s)
Small 1 0 0 2.27% 29
Small 2 0 0 0.38% 32
Small 1 2 1 0.06% 31
Small 2 1 1 0.06% 34
Medium 1 0 0 3.57% 136
Medium 2 0 0 2.05% 218
Medium 1 2 1 0.83% 306
Medium 2 1 o 0.66% 261
Large 1 0 0 5.70% 570
Large 2 0 0 3.48% 657
Large 3 0 0 2.61% 2,593
Large 2 2 1 0.70% 789
Large 3 1 i 0.69% 3,098
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Conclusions and future works

In this talk, bounds multi-horizon SO problems have been described:

e Strategic and operational expectation based bounds.

e Strategic and operational scenario tree decomposition bounds.

The bounds do not require any structural properties and are applicable to a
broad class of problems.
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Conclusions and future works

In this talk, bounds multi-horizon SO problems have been described:

e Strategic and operational expectation based bounds.

e Strategic and operational scenario tree decomposition bounds.

The bounds do not require any structural properties and are applicable to a
broad class of problems.

Current research directions:

Integrate bounds with decomposition methods (Benders’ decomposition).

Provide bounds for distributionally robust multi-horizon optimization.

Provide bounds for decision-dependent stochastic optimization.

Integrate Neural networks to solve MHSO problems.
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